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Abstract: From the physics point of view, time is now best described through General
Relativity as part of space-time, which is a dynamical object encoding gravity. Time
possesses also some intrinsic irreversibility due to thermodynamics and quantum mechanical
effects. This irreversibility can look puzzling since time-like loops (and hence time
machines) can appear in General Relativity (for example in the Go¨del universe, a solution of
Einstein’s equations). We take this apparent discrepancy as a warning bell, pointing out that
time as we understand it might not be fundamental and that whatever theory lying beyond
General Relativity may not include time as we know it as a fundamental structure. We
propose therefore, following the philosophy of analog models of gravity, that time and
gravity might not be fundamental per se, but only emergent features. We illustrate our
proposal using a toy-model where we show how the Lorentzian signature and Nordstro¨m
gravity (a diffeomorphisms invariant scalar gravity theory) can emerge from a timeless
non-dynamical space. This article received the fourth prize at the essay competition of the
Foundational Questions Institute on the nature of time.
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1. Time and Gravity
Time has been a mystery to mankind for thousands of years, surely since the very start of natural
philosophy. Understanding the nature of time seems indeed fundamental to understand reality. The
understanding of time has evolved a lot since the Greeks (For example, for Aristotle, time is not
fundamental but only a derived concept from the notion of space and motion [1]), passing from being
an absolute (observer independent) characteristic of space-time as in Galilean relativity to a observer
dependent entity in Special Relativity. Finally, the common modern point of view on time is mostly
based on Einstein’s theory of General Relativity (GR).
More precisely, in the early XXth century, following the works by Minkowski and Einstein, time has
been unified with Space into the concept of space-time. The latter is geometrically described by a (four
dimensional) manifold, that is, a topological space equipped with a differential structure, together with a
metric ds2 = gµνdxµdxν [2]. In all the metric theories of gravity (in particular GR), the metric describes
the dynamical degrees of freedom encoding gravity (although in metric affine theories the connection
also plays a role in the definition of the gravitational field).
A metric is characterized by a signature, that is the number of its positive and negative eigenvalues.
(For non-metric theories, the signature can be tracked back in the inner product in the tangent space.
The signature is usually not a dynamical object, i.e., it is a background structure.) We shall use here the
terminology Lorentzian for the case (−1,+1,+1,+1) and Riemannian for the one (+1,+1,+1,+1).
A Lorentzian signature allows one to define space-like (ds2 > 0), light-like (ds2 = 0) and time-like
distances (ds2 < 0). A time-like geodesic is interpreted as the trajectory of a massive test particle moving
in space-time. Distances along this geodesic are usually interpreted as the proper time of the particle,
that is, the time measured by a clock attached to the particle. In the case of a Riemannian signature
(+1,+1,+1,+1), one can not then talk about time at all since we have only space-like distances
(ds2 > 0). The notion of signature is therefore an essential part of the notion of “time”.
So far we have considered the textbook definition of time in metric theories of gravity. However
the situation is clearly more subtle than that. Indeed, physical phenomena do possess an intrinsic
irreversibility. This irreversibility can have a thermodynamical origin due to the natural coarse-grained
description of Nature. It can be also tracked back from the quantum mechanical nature of matter
fields (putting aside the issue of quantum gravity for a moment). Indeed the basic axioms of quantum
mechanics impose a one-way direction in time evolution: Measurement process induces a collapse of the
wave-function which cannot be undone going backward in time. Using the words of Ellis [3], there is an
“eternal becoming”, which pinpoints not only the time direction, but also its arrow. However, it is also
true that, when confronted with the most daunting solutions of the Einstein equations, this more elaborate
intuition about the nature of time seems at least severely challenged: GR does allow for solutions which
contain closed time-like loops (e.g., Go¨del universe) and hence time machines (see e.g., [4]). More
generally, time-orientability of space-time does not seem to be a built-in property of the theory.
With respect to these puzzling aspects of General Relativity one can have at least two antithetic
points of views. The first, the one most pursued so far, is that time-machine solutions (and other
“time-menacing” features) of GR are just a sign of the limits of the theory [4], and that a quantum
gravity theory should resolve these issues (among others such as the singularities issue). On the other
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hand, one may conjecture that these riddling solutions are just warning bells that our notion of time
may not be fundamental; possibly whatever lies beyond General Relativity (and its related notion of
space-time manifold) may not include time as we know it as a fundamental structure. (All in all, it is
well known that whenever chronological horizons arise, quantum field theory in curved space-time also
breaks down (Kay–Radzikowsky–Wald theorem [5]), and quantum gravity has to be called in, in order
to make any prediction.)
However, given that even in GR the notion of time as “time-arrow” is problematic, we shall focus
here on the emergence of time in the sense of Lorentzian signature emerging from a Riemannian one.
More specifically, in this short essay we want to discuss the possibility that space-time and its dynamics,
e.g., GR, are all emergent at the same level from some timeless fundamental, non-gravitational, theory.
In order to do so, however, we shall have to start from some simpler gravitational theory than GR, and in
particular we shall work with scalar fields and a scalar theory of gravitation, i.e., Nordstro¨m gravity [6].
Historically, the first relativistic version of gravitational dynamics was proposed by Nordstro¨m,
who in 1913 tried to generalize the Poisson equation, while preserving, following Einstein’s advice,
both what would later be called the strong equivalence principle [7], and the intrinsic non-linearity of
the gravitational interaction. After some years, Nordstro¨m finally succeeded, and his gravity theory
(minimally coupled to a scalar field φ) was later described in a geometric way by Einstein and Fokker
as follows
Cαβγδ = 0 (1)
R = κT (2)
(g +m2)φ = 0 (3)
where T is the trace of the stress energy tensor Tµν , defined with respect to gµν , for the matter field φ,
R is the Ricci scalar for gµν and κ is proportional to the Newton constant GN. Equation (1) encodes
the fact that the Weyl tensor Cαβγδ is zero, i.e., that the metric gµν is conformally flat. Equations (1)
and (2) are called the Einstein–Fokker equations. (Note that this is almost the same, modulo a minus
sign, as the trace of the Einstein equation restricted to the conformal metric.) Albeit much simpler
than GR, it is important to stress that Nordstro¨m gravity is a consistent theory of gravitation and that
it shares many features with GR. Most importantly, it does satisfy the strong equivalence principle and
is diffeomorphisms invariant. It is however clearly not physical since fields which are described by
conformally invariant equations of motion will always move as in flat space-time. This theory is hence
unable to detect observed phenomena such as the bending of light by gravitational fields. Furthermore its
diffeomorphisms invariance is obtained at the cost of background independence, given that in this case,
in addition to topology and signature, another background structure is introduced, namely the Minkowski
metric. Let us nonetheless take this simpler theory of gravity as our target and show how time and gravity
may emerge at the same level.
2. Is the Notion of Time Really Fundamental?
Before embarking on the specific discussion about the emergence of time, let us make a small detour
explaining what “emergence” means, starting from the very well understood case of condensed matter.
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In condensed matter systems, the macroscopic properties of a system are determined by the
way in which the microscopical degrees of freedom (e.g., the atoms) are organized. However, the
micro- and macro-worlds cannot be connected in an easy way: It can be a daunting task to derive macro
equations from micro equations. Conversely, in general it is difficult to derive the micro-physics from
macro-physics.
For example, water is described by hydrodynamic equations. Quantizing these equations will not
provide the correct fundamental micro-physics. One needs to be aware of the existence of atoms to be
able to propose a satisfying fundamental theory for water. On the other hand it is a difficult task to obtain
the hydrodynamic equations from the Schro¨dinger equation encoding the dynamics of the hydrogen
and oxygen atoms. This example illustrates how the fundamental dynamics (i.e., here described by
the Schro¨dinger equation) can be qualitatively different from the “emerging” dynamics (i.e., here the
hydrodynamic equations). It emphasizes also how the macroscopic or “emergent” degrees of freedom
(fluid) have different properties than the microscopic degrees of freedom (atoms).
Roughly speaking, an “emergent theory” is obtained by proceeding to a large large N limit for some
class of degrees of freedom in the fundamental theory. It is often the case that the resulting theory shows
properties qualitatively different from the ones of the fundamental theory. A typical way to construct
such an emergent theory is to condense all the relevant properties in some macroscopical/coarse-grained
variables which somehow encode the universal properties of the large number system without entering
into the details of the microscopic dynamics. While the detailed description of macroscopic dynamics
would be only approximate, one can still discuss some of its essential features. For instance, a
Bose–Einstein condensate is described by a nonlinear Schro¨dinger equation for a classical complex
scalar field describing the mean field condensate wave function, rather than from the n-body quantum
state describing all the atoms in the condensate [8]. Despite this very simple description, the phenomenon
of condensation and the properties of the quasi-particles are correctly predicted. Note that this
description is only an approximation, valid only in a given regime. When getting beyond the regime, one
has to take into account the fundamental theory instead of the emerging theory.
One could expect a similar situation to happen in the context of Quantum Gravity. (We assume
here that the fundamental theory behind gravity is obtained by quantization of the relevant degrees of
freedom. This assumption could be wrong if the quantum theory is per se an emergent notion too,
see for instance [9] and references therein.) Einstein equations could be the analogue of some type
of hydrodynamic equations. Even if a Quantum Gravity theory was fully available, the derivation
of Einstein equations from the fundamental equations of Quantum Gravity would then be something
extremely nontrivial, such as in the case of water for example. Moreover, this would indicate also that
the fundamental Quantum Gravity theory has probably nothing to do with (quantum) geometry. The
latter—and its dynamics—would emerge only in some type of macroscopic limit.
In fact, there exist various models, called “analogue models for gravity”, where a Lorentzian
metric appears in a suitable regime, even though at the fundamental level this geometrical structure
is absent [10]. A well studied example is again the Bose–Einstein condensate, where it was shown that
phonons, in some regime, propagate in some (curved) Lorentzian geometry. In this sense, the Lorentzian
geometry is emerging: it is not a description of the fundamental physics, it is only a valid description of
the physics in a given regime, for some degrees of freedom.
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Phonons are interpreted as (massless) matter in this model. When the condensation has occurred (that
is the number N of atoms is large), the phonon can be considered as a perturbation around the condensate.
In this sense, perturbations can be seen as coming from some large N limit and can encode emerging
degrees of freedom.
These analog models provide therefore some interesting examples where both matter and the metric
do emerge. Unfortunately, there is a priori no known construction to obtain the Einstein equations,
encoding the dynamics for the metric (albeit in a Bose–Einstein condensate it is possible to recover in
some limit a Newtonian-like dynamics for the background [11]).
Although still incomplete, these models provide some interesting relationships between geometrical
structures and condensed matter systems illustrating the concept of emergence. There are also some
striking relationships of Gravity with thermodynamics (i.e., again some large N limit). We can cite for
example the well-known black hole thermodynamics or the derivation of the Einstein equations from a
thermodynamical state equation by Jacobson [12]. These results indicate that General Relativity could
be an emergent theory, arising from some nontrivial large N limit from a Quantum Gravity theory that
does not have to be necessarily related to the notion of geometry.
The most developed Quantum Gravity theories at this stage are String theory and Loop/Spinfoam
quantum gravity. The first considers roughly that the fundamental degrees of freedom describing
gravity are encoded in a string. In this sense, this could be considered as an example of emergent
gravity since the macrophysics (General Relativity) is very different from the microphysics (string
physics). The Loop/Spinfoam approach consists of a direct (canonical or by path integral) quantization
of General Relativity using a non-metric formulation. In this context, it is clearly assumed that the
fundamental Quantum Gravity theory is about quantum geometry. (There are recent results corroborating
this approach where discretized gravity is obtained after a semi-classical limit from some spin foam
amplitude [13]. Note however that there are also some proposals to obtain General Relativity as some
large (thermodynamical/statistical) N limit from spin foams encoded in some type of (Group) Field
theory [14].) We are however interested to know if the features describing time that we listed in the
previous section are really fundamental, i.e., associated to the fundamental Quantum Gravity theory. In
both Quantum Gravity theories mentioned above, the signature is, in general, a background structure that
is not dynamical. Hence, following the above discussion, these are theories with a built-in time notion
which at most can resolve the above mentioned paradoxes in GR by forbidding them rather that replacing
or eliminating the notion of time. As previously said, our aim here is different in the sense that we shall
show instead that signature and a diffeomorphisms invariant theory of gravitation can both be emergent
concepts, not built in the fundamental theory.
3. A Toy-Model
In the following toy-model [15], we shall consider, largely following the intuition gained from
condensed matter analogues of gravity [10], the possibility that Lorentzian dynamics can emerge as
a property of the equations associated to perturbations around some solutions of the equations of motion.
These perturbations will be associated to the emergent gravity and matter degrees of freedom which will
characterize our gravitational dynamics.
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3.1. Description of the Toy-Model
Consider the (quantum) fundamental theory underlying space-time which could be some type of graph
theory, string theory ... The exact details of this theory is not of interest for our purpose. (We will not
want to dwell the quantization of the effective theory which we are proposing, in particular whether one
should put an i or not in the partition function for the effective theory. Firstly, we are concerned about the
classical effects, this is enough for our purpose. Secondly, the fundamental quantum theory behind our
model should address the issue of putting an i or not (an important issue in quantum gravity). Thirdly,
quantizing an effective theory is notoriously hard and not exempt of problems which are supposed to
be cured when dealing with the fundamental theory. Finally, the emergent degrees of freedom seeing
the Lorentzian signature can be quantized using the usual Lorentzian quantum mechanical formalism.
It is only in the deep regime for phenomena comparable to the “condensation scale” that non-trivial
discrepancies will start to kick in.) Following the inspiration of the analog models for gravity, we assume
that from this theory, there is some type of “condensation” such that the condensate is described by a
manifold (We are not interested here on how a manifold can emerge, though it is of course an interesting
question to explore.) R4 equipped with the Euclidean metric δµν . There is therefore no Lorentzian
structure, both the condensate and the fundamental theory are timeless. We assume also that out of
this condensation process, a set of scalar fields Ψi(xµ), i = 1, 2, 3 together with their Lagrangian L
are emerging. The number of scalar fields is not really relevant here, as we only need to have at least
two fields for our construction. L is invariant under the Euclidean Poincare´ group ISO(4) and of the
general shape
L = F (X1, X2, X3) = f(X1) + f(X2) + f(X3), Xi = δµν∂µΨi∂νΨi (4)
As an example we can take
f(X) = −X2 +X = −(δµν∂µΨ∂νΨ)2 + δµν∂µΨ∂νΨ (5)
The equations of motion for the field Ψi(xµ) are simply given as
∂µ
(
∂F
∂Xi
∂µΨi
)
= 0 = Σj
(
∂2F
∂Xi∂Xj
(∂µXj)∂
µΨi +
∂F
∂Xi
∂µ∂
µΨi
)
(6)
As said previously, we want to focus on the perturbations ϕi around solutions ψi of the above equation,
that is
Ψi = ψi + ϕi
As we shall see below, the perturbations will encode both the gravitational and matter degrees of freedom.
ϕi as a perturbation is the analog of the phonon in the Bose–Einstein condensate. In this sense they can
be considered as emerging degrees of freedom.
The Lagrangian for the ϕi is constructed by considering the expansion of F (X i + δXi), with
X i = δ
µν∂µψi∂νψi and δXi = 2∂µψi∂µϕi + ∂µϕi∂µϕi
It is explicitly given by
F (X1, X2, X3)→ F (X1, X2, X3) +
∑
j
∂F
∂Xj
(X)δXj +
1
2
∑
jk
∂2F
∂Xj∂Xk
(X)δXjδXk
+1
6
∑
jkl
∂3F
∂Xj∂Xk∂Xl
(X)δXjδXkδXl + ...
(7)
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We are ready now to see what are the necessary conditions to put on the classical solutions ψi such that
the perturbations ϕi do effectively see a Lorentzian metric.
3.2. Emerging the Lorentzian Signature
To determine the effective metric in which the perturbations ϕi propagate, we need to look at the
kinematic term, which will depend on the solution ψi. In fact different choices of solution ψi will lead
to different metrics. From (7), we determine explicitly the tensor gµν standing in in front of ∂µϕk∂νϕk,
∀k = 1, 2, 3:
gµνk ≡
df
dXk
(Xk)δ
µν +
1
2
d2f
(dXk)2
(Xk)∂
µψk∂
νψk
We note that the metric can be different for different fields: according to the choice of ψk, the metric
seen by the field ϕk can be different than the metric seen by the field ϕk′ for some choices of different
solutions ψk and ψk′ . This approach can lead naturally to a multi-metric structure. In order to have
mono-metricity, we need to choose similar solution for each of the fields, so that ψk = ψ, ∀k.
Let us now consider a specific class of solutions of our equations of motions (6)
ψi = α
µ
i xµ + βi (8)
The constants αi and βi are encoding the boundary conditions, and following the above discussion we
shall take the case in which they are field independent: ψ = αµxµ + β.
Thanks to the SO(4) symmetry, we can always make a rotation such that
ψ¯ = αx0 + β (9)
The choice of the coordinate x0 is completely arbitrary, and what matters is that there is one coordinate
which is pinpointed. For such choice the effective metric takes the shape
g00 =
df
dX
(X) +
α2
2
d2f
(dX)2
(X), gij =
df
dX
(X)δij, gµν = 0 ∀µ 6= ν
In order to get the Lorentzian metric we see that we need to have the following conditions between the
derivatives of f and the initial condition α:
df
dX
(X) +
α2
2
d2f
(dX)2
(X) < 0,
df
dX
(X) > 0
When f is for example f(X) = −X2 +X , we just need to have α such that
1
2
< α2 <
1
3
(10)
Modulo a (constant) rescaling of the coordinates xµ, we can then obtain the Minkowski metric, and the
perturbations ϕi are propagating effectively on the Minkowski metric ηµν = diag(−1,+1,+1,+1).
Leff(ϕ1, ϕ2, ϕ3) =
∑
i
ηµν∂µϕi∂νϕi (11)
The Minkowski metric and the Lorentzian signature are therefore naturally emerging.
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Before discussing the gravity case, let us pause for a moment and discuss various aspects of this
result. So far, our theory does not possess any fundamental speed scale. This is natural since the
fundamental theory is Euclidean. At this level, there is no coordinate with time dimension and therefore
one cannot define a constant with speed dimension. The invariant speed c, which will relate the length
x0 to an actual time parameter t, could be determined experimentally by first introducing a coordinate
with time dimension (as it would be natural to do given the hyperbolic form of the equations of
motion for the perturbations) and then by defining c as the signal speed associated to light cones in
the effective spacetime. (Noticeably, a similar situation is encountered in the von Ignatowsky derivation
of Special Relativity [16] where, given a list of simple axioms, one derives the existence of a universal
speed, observer independent, which is not fixed a priori to be the speed of light but has to be identified
via actual experiments.)
It is clear by construction that there is a lack of criterion for selecting the right solutions to obtain the
Lorentzian signature. For example, one could obtain as well a Euclidean metric if f is as chosen above
and α does not satisfy the constraint (10). Some coordinate dependent metric could also be obtained
if some non-linear solution ψ could be found. Normally we select states in physical systems labeling
them by means of energy. Indeed the notion of energy, besides the Lagrangian, plays a role in defining
the properties of the physical systems. Since we are dealing with a system which is fundamentally
Euclidean, the notion of energy looses its meaning. In order to have the right solution naturally selected,
we could add another thermodynamical potential to be minimized. Clearly, this is not unique, and we
are trading the problem of time with the problem of finding the right potential.
In fact, while it is conceivable that in a more complicated model we could have some mechanism for
selecting the specific background solution that leads to an emergent time, it is not obvious at all that such
a feature should be built in the emergent theory. Indeed, it is conceivable that the actual background
solution in which the initial system of fields (4) emerges from the fundamental (pre-manifold) theory
can be determined from the conditions within which the condensation of the fundamental objects takes
place. To use an analogy, the same fundamental constituents, e.g., carbon atoms, can form very different
materials, diamond or graphite, depending on the external conditions during the process of formation (see
Figure 1). Alternatively, in a Bose–Einstein condensate the characteristics of the background solution
(the classical wave function of the condensate), such as density and phase, are determined by physical
elements (like the shape of the electromagnetic trap or the number and kind of atoms involved) which
pre-exist the formation of the condensate.
Figure 1. On the left, the graphite lattice has a preferred slicing, contrary to the diamond
lattice on the right [17].
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3.3. Emerging a Diffeomorphisms Invariant Space-Time Dynamics
In the previous subsection, we showed how some degrees of freedom could propagate in a Lorentzian
manifold in some regime, even though the fundamental theory is Euclidean. To really have the full
notion of (space-)time emerging we now need to see how one can obtain some kind of dynamical
space-time coupled to the matter degrees of freedom. In particular the dynamics of space-time needs
to be diffeomorphisms invariant.
The first step to do so is to identify the gravitational and matter degrees of freedom within the
perturbations encoded in the multiplet ϕ = (ϕ1, ϕ2, ϕ3) associated with the simple Lagrangian (It is
invariant also under the global group O(3).) Leff(ϕ) that we just obtained above.
Leff(ϕ) = ηµν(∂µϕ)T (∂νϕ) (12)
In order to make apparent the different nature of the degrees of freedom, we proceed first to a change
of variables and then analyze the new shape of the equations of motion, expressed in terms of these
new variables.  ϕ1ϕ2
ϕ3
 = Φ
 φ1φ2
φ3
, with |φ|2 ≡∑
i
φ2i = `
2 (13)
Here, for the moment, ` is just an arbitrary length scale to keep the dimension right.
Under this change of variable, the Lagrangian (12) becomes then∫
dx4Leff(ϕi)→
∫
dx4
(
`2ηµν∂µΦ∂νΦ +
∑
i
Φ2ηµν∂µφi∂νφi + λ(|φ|2 − `2)
)
(14)
λ is a Lagrange multiplier encoding the constraint |φ|2 = `2. The equations of motion are easy to derive.
We perform the variations over φi, Φ and λ respectively:
ηµν(2∂µΦ∂νφi + Φ
2∂µ∂νφi +
1
`2
∂µφj∂νφkδ
jkφi) = 0 (15)
ηµν(`2∂µ∂νΦ− Φ
∑
i
∂µφi∂νφi) = 0 (16)
|φ|2 − `2 = 0 (17)
By introducing the metric
gµν(x) = Φ
2(x)ηµν (18)
we can rewrite (15) simply as [15]
gφi + 1`2 gµν∂µφj∂νφkδjkφi = 0
We recognize the equation of motion for a nonlinear sigma model, propagating on the (curved)
space-time given by the metric gµν(x). This suggests that the gravitational degree of freedom should
be encoded in the scalar field Φ, whereas matter should be encoded in the φi.
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One should be careful in counting the degrees of freedom. Indeed the metric (18) is conformally flat,
i.e., the Weyl tensor is zero Cαβγδ(g) = 0. In order to keep the same number of degrees of freedom,
Equation (15) should be really rewritten as
ηµν(2∂µΦ∂νφi + Φ
2∂µ∂νφi +
1
`2
∂µφj∂νφkδ
jkφi) = 0 −→
(
gφi + 1`2 gµν∂µφj∂νφkδjkφi = 0
Cαβγδ(g) = 0
Thanks to these insights, we come back to the matter contribution in the action (14), and we rewrite in
terms of the metric variable gµν . Recalling that
√−g = Φ4 and gµν = Φ−2ηµν∫
dx4 (
∑
i Φ
2ηµν∂µφi∂νφi + λ(|φ|2 − `2)) −→
∫
(
∑
i g
µν∂µφi∂νφi + λ
′(|φ|2 − `2))√−gdx4
Note that we have rescaled the Lagrangian multiplier that became λ′. We can therefore construct the
matter stress-energy tensor Tµν(φi) associated to the metric gµν , as well as its trace T(φi) [15].
T(φi) = gµνTµν(φi) = −Φ−2
∑
i
ηµν∂µφi∂νφi
We recognize here that the trace T(φi) is proportional to a term present in (16). In fact, recalling that for
the conformally flat metric (18), the Ricci scalar R is given as
R = −6ηΦ
Φ3
the equation of motion (16) becomes after some elementary algebra
R =
6
`2
T
If we introduce the gravitational constant GN and recall that the Weyl tensor is zero, we recognize the
Einstein–Fokker equations [18]:
R = 24piGN T, Cαβγδ = 0 (19)
where GN in our model has to be proportional to `−2 [15]. In this sense we now see that the scale ` is
related to the effective Planck scale of our model. Noticeably, the fact that the underlying fundamental
signature is Riemannian allowed us to introduce it without affecting the relativity principle at high energy
(a fundamental, i.e., observer independent, length scale is problematic if boost invariance is required at
all scales, but it is perfectly compatible with the Euclidean Poincare´ group that we are imposing on our
starting emergent manifold).
To summarize, we showed that under some change of variable, the free Lagrangian for a family of
scalar fields can be precisely rewritten as a non-linear sigma model coupled to Nordstro¨m gravity.
ηµν(∂µ∂νΦ− Φ
∑
i ∂µφi∂νφi) = 0
ηµν(2∂µΦ∂νφi + Φ
2∂µ∂νφi +
1
`2
∂µφj∂νφkδ
jkφi) = 0
|φ|2 − `2 = 0
→
 R =
6
`2
T
gφi + 1`2 gµν∂µφj∂νφkδjkφi) = 0
|φ|2 − `2 = 0, Cαβγδ(g) = 0
We have shown how Equations (15) and (16) can be rewritten in an evidently diffeomorphisms invariant
form, from the point of view of “matter fields observers” (the φi). Following the standard hole argument
(see e.g., [19]), this also implies that the coordinates xµ, used to parameterized our theory, do not have
any physical meaning from the point of view of the φi “matter observers”. They are merely parameters.
The diffeomorphisms symmetry is therefore “emerging”. Of course this theory has more background
structure than GR: There is evidently a preferred metric, the Minkowski one, however this is invisible to
the matter fields as none of them has conformally invariant equations of motion.
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4. Discussion: Dynamical Space-Time from a Timeless Non-Dynamical Space
We have showed, in a toy model, how the Lorentzian signature and a dynamical space-time can
emerge from a flat non-dynamical Euclidean space, with no diffeomorphisms invariance built in. In
this sense the toy-model provides an example where time (from the geometric perspective) is not
fundamental, but simply an emerging feature. Accidentally this non-fundamental feature of time should
automatically remove any issue about causality, as described in the first section of the essay, given that
the very notion of causality would cease to be valid at high energies (which are always involved in the
presence of chronological horizons [4]).
The Lorentz and the diffeomorphisms symmetries are emerging symmetries that is only approximate
symmetries. Indeed when taking into account the third order terms in (7), these symmetries are simply
broken. This is quite natural since the model (4) has nothing to do with either of these symmetries.
Since we have a concrete model, one can ask if the observers living in such emergent space-time
could foresee that time is actually not fundamental. There are in fact various possible ways, even though
this could be quite difficult experimentally. For example, the first obvious way is to be able to measure a
Lorentz symmetry breaking contribution in high-energy (in our case in the form of a non-dynamical ether
field). There could be also a possible window in the strong gravitating regime. Indeed our derivation
obviously holds for small perturbations ϕi, and hence small Φ, implying that in our framework one
would predict strong deviations from the weak field limit of the theory whenever the gravitational field
becomes very large. It would be interesting to see how these deviations actually do appear.
We want to emphasize again that the toy-model describes Nordstro¨m gravity, which is clearly
non-physical since there is no bending of light. It would be extremely interesting to be able to derive
in a similar way General Relativity, even though this seems to be a very difficult task (for example,
it would probably require a mechanism that selects only a background signature and not the whole
Minkowski metric as in our case, given that only the former is allowed to be non-dynamical in GR). One
would in this case aim to obtain the emergence of a theory characterized by spin-2 gravitons (while in
Nordstro¨m theory the graviton is just a scalar). This could open a door to a possible conflict with the so
called Weinberg–Witten theorem [20]. However, there are many ways in which such a theorem can be
evaded (see e.g., [21]) and in particular one may guess that analogue models inspired mechanisms like
the one discussed here will generically lead to Lagrangian which shows Lorentz and diffeomorphisms
invariance only as approximate symmetries for the lowest order in the perturbative expansion (while the
Weinberg–Witten theorem assumes exact Lorentz invariance).
The emergence of time in our toy-model is also very much dependent on the choice of the solution ψ.
In fact the specific choice of ψ might even seem a bit contrived. The fact that we are unable to choose ψ
might be due to the that other ingredients are needed to fully understand how a time-like direction can
emerge in a natural way out of an Euclidean system. This might be due to the fundamental theory, as it
has been pictorially described by the diamond/graphite example, or due to some other criterion, like a
minimization of another state functional which we presently do not know. The toy-model would clearly
gain in strength if one is able to show that the solution ψ is preferred for some reason. In this sense one
could predict the apparition of time.
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We are clearly aware of these two drawbacks (i.e., Nordstro¨m is not General Relativity, the choice of
ψ), however we think that they should not hide our main point: It is possible to construct a toy-model
and to identify at least one solution ψ such that a dynamical space-time together with matter do emerge
from a timeless non-dynamical space. We have therefore provided an example where time and gravity
are not fundamental but only emergent.
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